We construct new invariants and give several theorems which determine in general (i) the number of physically meaningful phases in quark mass matrices and (ii) which elements of these matrices can be rendered real by rephasings. We illustrate our results with simple models. 
Understanding fermion masses and quark mixing remains one of the most important outstanding problems in particle physics. In an effort to gain insight into this problem, many studies of simple models of quark mass matrices have been carried out over the years. The phases in these mass matrices play an essential role in the Kobayashi-Maskawa (KM) mechanism [1] for CP violation [2] . A given model is characterized by the number of parameters (amplitudes and phases) which specify the quark mass matrices. Thus, a very important problem is to determine, for any model, how many physically meaningful complex phases (i.e. phases = 0 or π) occur in the quark mass matrices and which elements of these matrices can be made real by rephasings of quark fields. Surprisingly, there is no general solution to this question in the literature. In this Letter we shall present a general solution and apply our results to several models.
The quark mass terms can be written in terms of the SU(3) × SU(2) × U(1) fields as
where j, k denote generation indices,
L ; the first subscript on Q a,jL is the SU(2) index; u 1R = u R , u 2R = c R , and so forth for d kR [3] . Here To count the number of physically meaningful phases, we rephase the fermion fields so as to remove all possible phases in the Y (f ) . We consider the quark sector first. Here, one can perform the rephasings defined by
for j = 1, 2, 3. In terms of the primed (rephased) fermion fields, the Yukawa matrices have
has N f nonzero, and, in general, complex elements, then the N f equations for making these elements real are
, where the set {jk} runs over each of these nonzero elements, and η 
where {α i } ≡ {α 1 , α 2 , α 3 }, etc., and
of dimension equal to the number of rephasing equations N eq = N u + N d . We can then write
which defines the N eq -row by 9-column matrix T .
We first note that rank(T ) ≤ 8. This is proved by ruling out the only other possibility, i.e. rank(T ) = 9. The reason that rank(T ) cannot have its apparently maximal value is that one overall rephasing has no effect on the Yukawa interaction, namely the U(1) generated
k for all i, j, k. Our first main theorem is: The number of unremovable phases
This is proved as follows. Let rank(T ) = r T . Then one can delete N eq − r T rows from the matrix A, i.e. not attempt to remove the phases from the corresponding elements of the
. For the remaining r T equations, one moves a subset of 9 − (N eq − r T ) phases in v to the right-hand side of (6), thus including them in a redefinedw. This yields a set of r T linear equations in r T unknown phases, denotedv. We write this asTv =w. Since by construction rank(T ) = r T ,T is invertible, so that one can now solve for the r T fermion rephasings inv which render r T of the N eq complex elements real. Hence there are N eq − r T remaining phases in the Y (f ) , as claimed. 2.
Some comments are in order. First, as is clear from our proof, the result (10) does not depend on whether or not Y
kj , and hence making Y f (complex) symmetric does not, in general, result in any reduction in N p . Second, if one of the unremovable phases is put in
pq , one may wish to modify the qp ′ th equation to read
For example, in a model where |Y
qp for this pair pq. The modification in (11) has no effect on the counting of phases. have arguments = 0, π, each one implies a constraint which is that the set of 2n elements which comprise it cannot be made simultaneously real by any fermion rephasings. We thus construct a set of invariants depending on the up and down quark sectors individually:
where f = u, d, and σ L is an element of the permutation group S n . Secondly, we construct a set of invariants connecting the up and down quark sectors:
where s, t ≥ 1, s + t = n, σ L ∈ S n , σ u ∈ S s , and σ t ∈ S t . At quartic order, 2n = 4, if σ in (12) equals the transposition τ , we obtain the complex invariants
for f = u, d. At this order, there is only one Q-type complex invariant; this has s = t = 1, σ L = τ , and we denote it simply as
, and Q j 1 k 1 ,j 2 m 1 = Q * j 2 k 1 ,j 1 m 1 . At order 2n = 6, we find one independent P -type complex invariant for each f = u, d, and two independent Q-type complex invariants, which we denote in a simple notation as
where (f f f ′ ) = (uud) or (ddu). We find that there are no new constraints from any invariant
Our theorems are as follows: For a given model, construct the maximal set of independent complex invariants of lowest order, whose arguments (phases) are linearly independent.
Denote the number of these by N ia . Then (a) each of these invariants implies a constraint that the elements contained within it cannot all be made simultaneously real; (b) this constitutes the complete set of constraints on which elements of Y Note that a set of N inv independent complex invariants of lowest order, say, will have arguments which are not in general linearly independent, so N inv ≥ N ia . For each complex invariant of a given order, X, arg( where ξ is the N inv -dimensional vector ξ = (arg(X 1 ), ..., arg(X N inv )) and Z is an N inv -row by N eq -column matrix. Then rank(Z) = N ia .
We illustrate our general theorems with some models [6] . The first is a generalization of models studied in Refs.
[10] and [11]:
where each of the elements is, in general, complex. Calculating the 10 × 9 matrix, T , we find ) [10]. We find that the corresponding 11 × 9 matrix T has rank(T ) = 8, so N p = 3. There are N inv = 4 nonzero independent complex invariants: P with rank(T ) = 8, so N p = 2. We find N inv = N ia = 2 complex quartic invariants, P and Q 13,32 . The constraint from P
22,33 is given in (i), (ii) above; the constraint from Q 13,32 is that the set {A 13 , A 31 , B 12 , B 32 } cannot be made simultaneously real.
An example of a model for which the lowest order (nonzero) complex invariant occurs at 6'th order is defined by Y (u) as given by (20) and
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